Reflection Sequences

Author(s): N. Alon, I. Krasikov, Y. Peres

Source: The American Mathematical Monthly, Vol. 96, No. 9 (Nov., 1989), pp. 820-823
Published by: Mathematical Association of America

Stable URL: http://www.jstor.org/stable/2324845

Accessed: 11/03/2010 01:28

Y our use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=maa.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon awide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and extend access to
The American Mathematical Monthly.

http://www.jstor.org


http://www.jstor.org/stable/2324845?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=maa

820 N. ALON, L. KRASIKOV, AND Y. PERES [November

Reflection Sequences

N. ALoN*, I. KRASIKOV, and Y. PERES
Department of Mathematics, Tel Aviv University, Ramat-Aviv, Tel Aviv, Israel

Let X = (xg, X;,..., X,_;) be a circular sequence of real numbers and suppose
their sum S = Y7~ Jx; is strictly positive. If, for some i, x; < 0, then there is a legal
reflection R, for X defined as the operation which transforms X into the circular

sequence X' = (x{, x{,..., x;_) obtained from X by replacing x,. by —x; and by
subtracting |x,| from the two neighbors of x; in X. That is, x/ = —x;, x]_, =
X;_q + X5 X[y =X+ x; and x] = x; for all j,0<]<n ja&t—l ii+1,
where all indices are reduced modulo n. Notice that Trox! = Xrodx;.

A reflection sequence for X is a finite or infinite sequence X = X;, X,,... of
circular sequences and a sequence R!,... of reflections, such that R’ is a legal

reflection for X,_, that transforms it into X;, 1 < i. If all the elements of X, are
nonnegative, that is, if there is no legal reflection for X,, then we say that X, is
stable.

If, for example, n =5 and X = (1, —2, —3,8,5), then one can easily check
that X = X,, X; =(-1,2,—5,8,5), X,=(—-1,-3,5,3,5), X;=(-4,3,2,3,5),
X,=4,-1,2,3,1) and X;=(3,1,1,3,1) with the corresponding reflections
R, R,, R, Ry, R, a reflection sequence for X which terminates in the stable
configuration Xi.

A celebrated problem in the 1986 International Mathematical Olympiad (cf. [1])
asserts that for n =35 and for any circular sequence of integers X =
(Xg> X15 X5, X3, X4) (Whose sum is positive) any reflection sequence for X must be
finite. Equivalently, if we start from X and apply, repeatedly, legal reflections, we
eventually reach a stable circular sequence.

This result holds for general n as stated in the following Proposition.

PROPOSITION 1. If X = (xy,..., X,_;) is a circular sequence of n(> 2) integers
whose sum S = Y77 0x, is positive, then any reflection sequence for X is finite.

To prove Proposition 1 we need some notation. A sequence of consecutive
numbers modulo n is called an arc. We denote by (i, k) the arc (i, k) =
(i,i +1,..., k — 1, k) where all numbers are reduced modulo n. The complemen-
tary arc of (i, k) is (k + 1,i — 1). For a sequence X = (x,..., X,_;) and an arc
(i, k) we define the arc-sum of (i, k) (with respect to X) by Sy((i, k)) =
Y, e, kyXx; Clearly, the sum of the arc-sum of any arc with the arc-sum of its
complementary arc is precisely X" j,ox =S.

Suppose, now, that X’ = (x{,..., x/,_,) is obtained from X by a legal reflection
R, Clearly the arc-sum of any arc whose intersection with (i —1,i+ 1) is
of cardinality O or 3 does not change. The arc-sums of the two complementary
arcs (i, i) and (i + 1,i — 1) change from x; and § — x; to —x; and S + x;, re-
spectively. The arc-sums of other arcs that intersect (i —1,i+ 1) in 1 or 2
elements only interchange, that is, Sy((k,i)) = Sy((k,i— 1)), Sx((i, k)) =
Sy + 1, k), Sxl(k, i — 1)) = Sx((k, 1)) and Sy((i + 1, k) = Sy((i, k).

*Research supported in part by an Allon Fellowship and by a grant from Bat Sheva de-Rothschild
Foundation.
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Define f(X) = Z|Sx((i, k))|* where the summation ranges over all arcs (i, k). By
the preceding paragraph

F(X) = F(X) = (S+x)" + x2 = (S —x,)’ — x? = 48x, < 0.

Therefore, if X = X, Xj, X,,... is a reflection sequence for X, then ( (X)), is a
strictly decreasing sequence of nonegative integers and thus must be finite. This
completes the proof of Proposition 1. a

The conclusion of Proposition 1 clearly holds even if we replace the assumption
that X is a sequence of integers by the assumption that it is a sequence of rationals.
(Simply write each x; as an integral multiple of some rational ¢ and apply the result
for integers.) The proof, however, does not imply finiteness for general real
sequences. We next show that finiteness, in fact, holds for every real circular
sequence X. Moreover, any two reflection sequences for X that terminate in stable
configurations have the same length.

PROPOSITION 2. Let X = (xy,..., x,_;) be a circular sequence of n(> 2) real
numbers whose sum S = Y!_}x, is positive. Then any reflection sequence for X is
finite. Moreover, the length of any reflection sequence for X that terminates in a stable
configuration is independent of the sequence (and can be easily computed from
the x;’s).

Proof. Associate each pair of complementary arcs A = {(i, k), (k + 1,i — 1)}
with a pair of real numbers {a,, by}, where a, = Sy({(i, k)) and b, =
Sx((k + 1, i —1)). Clearly a) + b, = S.If, for some A, either a, or b, is negative,
say, a < 0, we define a legal switch Q) as the operation that transforms {a,, b, }
into {—a,, by + 2a,} and does not change all the other pairs. A set of pairs
{{ay, by}} is stable if a,, by > 0 for all A, that is, if there is no legal switch for it.
Obviously the operators Q, commute. The key idea is that any reflection sequence
corresponds to a sequence of legal switches on the pairs {a,, b, }. Indeed, by the
arguments given in the proof of Proposition 1, any legal reflection R, corresponds
to a legal switch on the pair A = {(i,i),{i + 1,i — 1)}, together with a permuta-
tion on the other pairs. Therefore, the only effect of the legal reflection R, on the
multiset of pairs {a,, b, }, where A ranges over all pairs of complementary arcs, is
obtained by applying the legal switch Q, for A = {{i, i),{i + 1,i — 1)}.

Returning to the commuting operators @, it is easy to check that if a, < 0 and
one can apply k repeated legal switches Q, to {a,, b, }, then

_ [ {kby + (k +1)ay, —(k = 1)by — ka, } k even
ox{(ax by} = {{—kaA — (k = 1)by, kb, + (k + 1)ay} k odd.

It follows that the number of consecutive legal switches that can be applied to a pair
{a,, b, } with a, < 0 is precisely

min{k > 1:kby + (k + 1)a, > 0} = [|a,|/(by + ay)] = [la,|/S].

As the operators Q) commute this implies that the length of any sequence of legal
switches that terminates in a stable configuration is precisely

) [la—sﬂ+ )y E)Sill (1)

a,<0 by<0



822 N. ALON, I. KRASIKOV, AND Y. PERES [November

Since a circular sequence is stable if and only if all its arc-sums are nonnegative
(that is, iff a,, b, > 0 for every pair of arcs A), the length of any reflection sequence
for X that terminates in a stable configuration is independent of the sequence and is
given in (1). a

In the example we gave we considered the circular sequence X = (1, —2, —3,8,5).
One can easily check that for this sequence S =9 and the set of all negative
arc-sums is {—2, —3, =5, —1, —4}. By (1), the length of any reflection sequence
for X that terminates in a stable configuration is [2/9] + [3/9] + [5/9] + [1/9] +
[4/9] = 5. One can easily find several distinct such sequences. Somewhat surpris-
ingly, they all end in the same stable configuration (3,1,1, 3,1). We next show that
this is always the case.

PROPOSITION 3. Let X = (x,,..., X,_,) be a circular sequence of n real numbers
whose sum is positive. Then any reflection sequence R for X that terminates in a stable
configuration, terminates in the same configuration. Moreover, the set of indices {i:R;
occurs at least once in R is independent of R, but the exact number of times each
legal reflection R, appears in the sequence # may depend on the specific sequence.

Proof. One can easily check that the operators R satisfy the following relations:

(2) For nonadjacent i, k R,R, = R;R;, and
(3) For adjacent i, Kk R,R;R,= R, R,R,.

Suppose the first half of Proposition 3 is false and there is a circular sequence X
and two reflection sequences for X which terminate in two distinct stable configura-
tions. Among all such counterexamples X to the first half of Proposition 3, choose
one, say, X, such that the length ¢ of some (and hence every) reflection sequence
that brings it to a stable configuration is minimum. Let R' = R“!, R"2,..., RY'
and R? = R%1 R22 ... R*’ be two reflection sequences for X which terminate in
two distinct stable configurations Y and Z, respectively. By the minimality of ¢ in
the choice of X, R''! # R>!. (Indeed, otherwise R'X = R*1X is another coun-
terexample with two reflection sequences of length ¢ — 1 each that terminate in the
two distinct stable configurations Y and Z, contradicting the minimality of z.)
Furthermore, by the minimality of 7, all the terminating reflection sequences
starting from R™'X end in the same stable configuration, which is Y. In particular,
any terminating sequence starting from R>'R>'X ends in Y. Similarly, any termi-
nating sequence starting from R“'R*!X ends in Z. If R>! and R“' are not
adjacent we conclude, from (2), that Y = Z, a contradiction. For adjacent RY! and
R?! we argue similarly, using (3) instead of (2) to obtain the same contradiction.

This proves the first half of Proposition 3. The second half is proved analogously.
We omit the details. a

Remark. A different approach to the problem considered in this note, and
certain generalizations of it, appears in [2], where reflection processes are analyzed
using the theory of Kac-Moody algebras and their buildings.

Acknowledgement. We would like to thank S. Mozes, 1. Shafrir, and Z. Shemi for fruitful discussions.
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Counting the Rationals

YORAM SAGHER
Department of Mathematics, Statistics, and Computer Science, University of Illinois, Chicago, IL

Cantor’s proof of the countability of the positive rationals has great appeal. One
sees the idea literally at a glance. On the other hand the construction counts all
ordered pairs of positive integers so that each positive rational is counted infinitely
many times, and if one wants, say, the 10'°th positive rational in Cantor’s list, one
has to keep counting for a considerable time.

Here we offer a direct way of counting the positive rationals. Given m/n, we can
assume that m and n are relatively prime. Let m = p§t --- ps, n = qft --- qf', be
the prime-number decompositions of m and n. The counting function is defined by:
f(1) =1 and

m
f(;) =p%el “ e pzek q12f1_1 “ee q[zfl_l_

f is clearly 1-1 and onto. The 10*th positive rational in this list is 1072,
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